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Using a table, find the following limits:
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Finding Limits Using Graphs
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a. lim f(x) b. f(4)
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5) Find the limit by graphing the function f(x) = {Zx ~4 ifx+3
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One Sided Limits
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+ind the one sided limits from the graphs:
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8) Use the graphto find the following limits:
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11.2 Finding Limits Using Properties of Limits

httgs;((www.khanacademv.org/math/ap-caIcuIus-ab/continuitv-ab/limits-of-combined-and-composite-func-ab/v/limit-properties
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Limit of a Constant Function: ¢
For the constant function f(x) =c,

lim f(x) = limc = ¢
x—a xX—a
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Find the following limits:

1)a. lim 7 b, Lt =95 2.8

x4 =7 x—-0

Limit of the Identity Function:
For the identity function fi{x) = x

lim f(x) = limx =gq
X—a xX-a

*The limit of x as x approaches any number is that number

Find the following limits:
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-~roperties of Limits:

’ Sum: If lim f(x) = L and lim g(x) = M, then
X a X4

@
lim[f(x) + g(x)] = lim flx) + chilltllg(x) =L+M

Difference: If lim f(x) = L and 11m g(x) = M, then

xX—=a

i = = |j — = L — M
lim [ (x) — g(x)] = lim f (x) — lim g(x)
Product: lim f(x) = L and lim g(x) = M, then
xX—a x—-a
im £ () * g(x)] = lim f(x) = lim g(x) = LM
x—=a x—-a xXx—a

Limit Of a Monomial: lim bnx” = bnan *The limit of a monomial as x
x—a

approaches a is the monomial evaluated at a

Limit of a PonnomiaI: lim f(X) - f(a) *The limit of a polynomial as x
x—-a
i,fapproaches a is the polynomial evaluated at a

Limit of a Power: 11m [f(x)] [glci_r)rcll fOI* = L"

*The limit of a function to a power is found by taking the limit of the function and then raising

this limit to the power
Limit of a Root: ylcl_l;rcll M) =" lim fx)="L

*The limit of the nth root of a function is found by taking the limit of the function and then

taking the nth root of the limit

f tient: 11m rey BRI b # 0
Limit of a Quotien a9 }Cl_r,rcllg(x) M'@

*The limit of the quotient of two functions equals the quotient of their limits, provided that

imit of the denominator is not zero N
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Find the followilr)ngcl’imits:
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Find the following limits:
6) lim (7x — 4)

X—-3
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*‘7_3(7(3) D =-25

8) lirr§(4x3 + 2x% — 6x + 5)
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11.3 Limits and Continuity

The graph of a continuous function doesn’t have

any
holes, gaps or jumps.

*Think about drawing a graph without having to lift

VOurpendI
from the paper

If fis not continuous at a, we say that f is discontinuous at a
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Definition of a Function Continuous at a Number:

% A function f is continuous at a when three conditions are
satisfied:

1.fis defined at a (a is in the domain of f so that f(a) is a
real number)

z}cl—rfcllf(x) exists II'VV? F(x) ’ lt_mq_c()(); —C«(%)

3)1611)1’611 f(a) = f(a) X =20 X =7c

lim f(x) = lim, f(x) = (@)
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- 3)Determine for what numbers
discontinuous:

®
Xt2 4fx=g0
i) = 2 mifi0<x <1
e A |

Are they all continuous?
ﬁ(x):x+l =51
B =2

(<) >X2+L—>Po/ynom,q/ e
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Condition 1 for a=0:
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Condition 2 for a=0:
Does lim L) exist?

X ~>p
lim ) =042 fim £0)= 7
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Condition 3 for a=0:
Does f.‘m f(x):f/())?

X>o
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4)Determine for what numbers x (if any) the following
function is discontinuous:
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~11.4 Intro to Derivatives

@Iﬁzr;:;t;\/tz:f:nftupction of a single variable at a chosen input value, when it exists, is the

. g ine to the graph of the function at that point. The tangent line is the best
linear approximation of the function near that input value. For this reason, the derivative is
often described as the "instantaneous rate of change", the ratio of the instantaneous change
in the dependent variable to that of the independent variable.

To find the average rate of change between two points on a curved line, we find the slope of
the secant line containing those points.

https://www.khanacademy.org/math/ap-calculus—ab/derivative-introd uction—ab/secant-lines-ab/v/slope-of-a-

line-secant-to-a-curve

https://www.khanacademv.org/math/ap-calcuIus-ab/derivative-introd uction-ab/formal-definition-of-
derivative-ab/v/alternate-form-of-the-derivative

All of the problems we encounter in calculus make use of the derivative, so our goalin
differential calculus is to become and expert at finding, or “taking,” the derivative. However,
before we learn a simple way to take a derivative, we must explore the “Definition of the

Derivative.”

The Formula:

Vj”We will begin with a line and finding its slope by plugging two points into the equationm =

Yo, fn=d 45 .

X2—X1 <= 3 s
Suppose the line goes through the points (3, 7) and (8, 22). Find the slope.

The idea of “rise over run” will play an important role now. Instead of calling the x-
coordinates xz and x2, we are going to call them X and x; + h, where h is the difference
between the two x-coordinates. (Another symbol for h is Ax, read “delta x.”) Also, instead of

using y1 and yz, we will use f(x1) and f(xz + h). So, now the graph looks like this:
A

Label the picture with the new notation.
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The Slope of a Curve:

Now let’s look at a curve that goes through the same two points. B.ecause Itis r'10w a Curve,
We cannot use the slope formula; however, we can find the approximate slope if we look at S ?
the slope of the secant line.

. . +h)—-f(x1)
The equation for the slope of a secant line is: Lorti)—i) = 12,

This equation is called the Difference Quotient.

The closer the two points, the more accurate the approximation.

e

In fact, there is one line, called the tangent line, that touches
< the curve at exactly one point. The object of using the
difference quotient, therefore, is to shrink h down to an

infinitesimally small amount. If we could do that, then x; and
X1+ h become the same value. We can accomplish this by

using limits.
\
’lli_rg % This is the definition of the derivative, and we call it f'(x). /5
: a+h)—f(a a+h)—
Slope of a secant line: flath)-f(@) _ fla+h)~f(a)
a+h-a h
*as h— 0, the slope approaches the slope of the tangent line to the curve at (a, f(a))
: . a+h)-f(a
Slope of a tangent line:  lim flat+h)~f(a)
h—0 h
* This represent the instantaneous rate of change of f with respect to x at 3
7
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Find the slope intercept equation of the tangent line to the graph f(x):{)‘g-cg

8)at(4; 2) ‘g=tyf

lem £ (qem) - ()
h->c —_h\"

Heh -4
A (Teq +2)

T

v -2

—-":( /%*4)

\\\ QL) to C(&lrto""“\( &€ { "ci\?
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b i v 2
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Vi 62 Jaon 1
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Derivative of a Functi T g e
nction The derivative gives you a way to
| i x+h)— analyze your moving world b
% f'(X)=11mf( )=F(x) yzey VIng ¥ y
x-a h revealing a functions instantaneous
rate of change at any moment.

5)f(x) =x%>+3xatx

a. Find ' (x)
& y 2 ‘ %
2:0 L (scvh ?(x»rh)_]*(x’erX: )A)hxm +3/Q4gh-)/_¢
h I
e h% 3,
£+ 3h / .
h>o > - ‘(hf'ax’gg)_o_{—

=CHIX ¥ 3 2B
7

j E )= A 453 / The detivating j;wcslm Slepe

ol 7‘—ou/zje/h’— livie at ey ,Dof(/)-(—

&)

b.Find slope of tangent line at x=—73 and x=-2
P12 5205 1% 8
£(3)= al-2ye3>-437 "l




6)f(x) =x? — 5x at x
a. f'(x)

lim L (xr)=5(xy /’1)7 - (x*- 5}<>

ke =0

In
F Ko g ol A
n

’?ﬂf} %(h +z;)(h
S % 6> = 0{"(} ><—-5 :—@

b.Find the slope of the tangent line at x=-1 and X=3
fED=2(-DN-5=1[-7
Elzle aliz)=6 :@
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Instantaneous Velocity:

7) A ball is thrown straight up from a rooftop 160 ft high with an initial
® velocity of 48 feet per second.
The function s(t) = -16t2 + 48t + 160 describes the balls height above
the ground in feet, t seconds after it is thrown. The ball misses the
rooftop on its way down and eventually strikes the ground.
a. What is the instantaneous velocity of the ball 2 seconds after it
isthrown?  “feplace & v 5(¢) with «th

S(a) = b sCar)os(a) [-16(aii d5(ar +16o] ~(_16a* L {91607
, SETTElLS)

10

l—\ I
lew =~ [€o2 320 - 16k 9 4 454 o1 15> g =1 o
W50 ™,
A
i %(‘/(Mv?)qwl%)_ -le(d-3244 45
h->o TN R ey gy
©

= 'BD\q‘kﬁ(g/

i

S{e)z- 32 +4% 5 (D>-3:(3\ 145 :t”’\%f

b. What is the instantaneous velocity of the ball when it hits the
ground?

LL)(/[C(‘L ‘(’\VI/Le A()Q% l.+ }’l{“_ the j(\Q\AVlk‘/ ,)

82 =il L5t US4 +1¢ o
O = -1¢(Ee=5)(¢+2) =6

€ #5500

$5)=-32(%) +q7=/—//§ﬁ@
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8) A ball is thrown straight up from ground level with an initial velocity*:
of 96 feet per second. The function s(t) = -16t* + 96t describes the
balls height above the ground in feet, t seconds after it is thrown.

a. What is the instantaneous velocity of the ball after 4 seconds?

S/M)/h/m " [Cle ) 190 (arh) < (~16a7F 96 <)
bl )

h
| s
ot 192 330 —1e1 Fwwmm/ A

’l'-/fo /(_/(a h —?)\%54_714_@
' 5 (1= -326)+ 7¢

[ cm -0
h=>0 —/6(0}“5”“4"% "‘ 3;%”/&4

b. What is the instantaneous velocity of the ball when it hits the f

N\

ground?
—Ct2r90t=0

'/bé(é’é):Q

é>/éf,é

e t) =r=3300) 9 % =/@

9) Find the slope of the curve f(x) = x? at the point (2, 4) b o).
[im f[ﬂ“})—ﬁ(l) 2 BB 2
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10)Find the slope of the equation in Example 9 at the point (5, 25)

ooy “(ieeReeis 1R e e
6 Lo -———\(— = . %/g. )/é'a %(hf{o) = {/I‘f(G
2 b by
[im _
LD (o) = 1o
6’0,0c—“-/Q

11) Find the slope of f(x) = x? at the point (x3, X1%) ¢c>

; Co el > "
{h:’; xh_lv )h_(x‘.):xl/l—’?x‘h+h2fx/; %/QX\-\‘-H)
h o
%%
6 T lawnen:2xr0- 2

<F ’/x) >Q\X'

12) Find the derivative of fz) = %°
: 3 ~
llm (‘L‘H’b T K _ %’3x2k1‘3xh24—t;3—%

h=>0o. — I .
lem (3,2, 3 h™
B st5 —\+><h_+, B: SXQ*SXL\ P

I

€ o 3k 3x(0) +(0)> 352




13) Find the derivative of f(x) = vx. (Hint: You will need to multiply b\,

the conjugate of the numerator.) ;
[im \/X\ J— T O ey | w
h=>0 —_—

Vxrh {7 Xx
[ron Xy — A l
"= Y (T 7)™ Gemrlx
ltm |, A l ,
: h>o m,ﬁ: 5_\[;\ or 3)(-/4
o i,

The'Power Rule:

3 Fortunately, there is a shortcut to taking derivatives. However, the
definition of the derivative will come back in Calculus.

The basic technique for taking a derivative is called the Power Rule.

d o
Ify = thend—z = 1

This, and all other rules for derivatives can be derived from the definition
of the derivative. Look at the following examples to see the power rule in
action:

d
Example 1: If y = x°, then d_y = 5x4,
i g

12 — 20 y

Example 2: If y = x?°, then == = 20y

Example 3: Ify = x~ then Y e Y x

4 ;
Example 4: Find the derivative of the function; y = x2.
( - 1 = '/Q_

T B S
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" The AQditl_on Rule:

_Nothing really changes with this rule. We now just take the derivative of
each term.

Example 5: If y = 3x* + 8x19, then Z—Z— = 12x3 + 80x°.
Example 6: y = 7x~% + Sx%, then Z—y =
X

Example 7: Find the derivative of the polynomial; y = 6x~7 — 4+/x.

The Tangent Line Problem:

One of the primary reasons we find derivatives is to identify the equation

f‘of a tangent line at a point. To begin, we must understand that we only
need to identify the slope of the curve at the given point and identify the
x and y values of the point. Once we have this information, we can write
the equation of the line in point-slope form.

Example 8:

Find the equation of the tangent line to the function y = x* -1 at x = 2.
Step 1: %= 2. ﬁﬂ/ O)@FN“Jr{v*(
Step 2: Evaluate Z—Z atthe x-valueof 2 mi(DEA S0 m=Y

Step 3: Identify x and y values at the point y = 2, ax? \/:j‘—'f;Z)

Step 4: Write the equation in point-slope form ?/-3 5 L{(X - 1)
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Example 9:

Find the equation of the tangent line to the functiony = 2x + Vx atx=36 E’«:‘{?
( . ;
\/ > &A+></~;L+ @x Tt 9\+__._=al+——~ 35 |
243 [
7t
o T b ed Cco(‘(‘egpovk),‘ny y S lope @

Xx=36
( by 7 / S il
Y > U3+ BL > 7240277 Skl Y -7 3 3

Example 10: Find the points on the curve y =2x3+ —x + 2x + 4
where the tangent line would be horlzontal R( 2>3 " 5( (- +Y

S"’PQ\/ - bx +/'§><+D\ \/_ e 0l e
20 26 < +D xp2) e

O
e [Laie) ]
/ \./) ;L( I/&:) + (/6> 1"1( /@) (/6\

- 321
g o
Example 11: Find the derivative of each function
a.y=3x"%— gx‘4+2x2 -9
[ ~7 (6 _5
el gy R a il g
s
b.y =4x7% 4+ 2x5 — 7x
il s 7
- ¥x *%—x. -7
C. y——+—+ V3x2 — {40
3x* 4 @

\f

74 T

Y —;X P;x +E_X elNL
(

- % ] /e q 7

T s Mg B LT
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The Product Rule

Now that you know how to find derivatives of simple polynomials, it’s
%time to get more complicated. What if you had to find the derivative of

this? f(x) = (x3 + 5x% — 4x + 1)(x® — 7x* + X)

You could multiply out the expression and take the derivative of each

term, like this:
Filo) = x® =207 = 39x°+ 29x5 + 6x* + 5x3 + 4x* +x

And the derivative is:
f'(x) = 8x7 — 14x° — 234x5 + 145x% + 24x3 + 15x* + 8x + 1

Needless to say, this process can get pretty messy. Naturally, there’s an
easier way. When a function involves two terms multiplied by each

other, we use the Product Rule.

The Product Rule:
= ) = By 4+ %2
If f(x) = uv, then f () =——vrtizt

There is an easy saying to help remember this rule:

“The derivative of the first times the second plus the

derivative of the second times the first.”

Another way to write the Product Rule looks like this:

The Product Rule: == [f(x)g(0)] = f'(x)g(x) + g'(X)f (x)
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Examples: Find dy/dx of each function.
1)y = (2x +3)(x2- 6)

V2 Qx4
SAxEly + YxPréx

- é?(l#éX’/D

2), b= (\/—”)(2"2“)
7’;[ x “h(ay? +1) +(F#x§(‘/)«)

s
“X *Qx lax +/+L/X/‘4L/x

- 3; 20
T bx? +5X/ > /j_!

3) f(x) = (9%2 + 4x) (x® — 5x2)
>U§”x ") 0%y (3,2 10 %)
Sy T 9043 204 + A7y 7

> W5x ¥ Lgus A1 e

Faxs 90> ~Yo x>
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ey :X§+§g‘!x‘—§—_/§]){-‘§_ z_lgioxgl |
\ 1 1 y S | 1 1
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S S BiER. o e !
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At A "
; For the following examples, write the equation of the tangent line at th“é‘%,,,_,
-‘3 given value of x. I

6) f(x) = (x*—4x+3)(x + 1) atx = —1.
f &) :()“”’(’0(‘(*’) 4—(&2'(‘/“—3)(13
3 = Ak T ran- rx SUxt3 y )/25 LR OF
¥) 2 ENZyy "
P :(2 Y1) 13)r2 1 4

F -0z 30-D2¢ (1)~ (-(,0)
20 slepe V=-028(x ()

7) f(x) = (Vx —2x)(3x + 1) atx = 8.

X 7). ot . 2 ; =~
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/ ([ s
¥ £ (loy ) x 6—éx5) 4—[5>(2+>(\)/6x5‘35x'5} >

V& Y

—QOjXG_géX_S
‘v "’302‘
F(1)2 Yol T-203011% -3441|5 i 199 Ge - 1) 4

~ =194

T
e Pt e

R,
PASAE

A A

ASREAE SN

~6x7 3(5){7+é»(6-/50x6—30)(5

-

PETEIVGES

DY R

ey
LN

Al
3
v
]
é
)
|

l’;




- Day 3: The Quotient Rule

’.What happens when you have to take the derivative of a function that is
the quotient of two other functions?

The Quotient Rule:

_ , |,
::f%f = ~then f () =
IS m ore complicated, but there is an easy saying

to help remember this rule too:
“The derivative of the top times the bottom minus the derivative
of the bottom times the top, all over the bottom squared.”

Another way to write the Quotient Rule looks like this:
: Cd ] _ f&@g)-g'xf )
Quotient Rule: = g(x)] PSIE

e

g ;
Examples: Find a‘f of each function.

2x%+1
1) Vo X+5

I fer D - (YD
(ar D)
. AE S Vo T (R
(x+95)°
R sV Ll SN
(e ™

e -

it S PTTRTTR T RN Y RS T .
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g B R N P e
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Fmd the equation of the tangent line to the function at the given point.

=) .5 0 A i G gy B {galy B

. r
¢ /X>: /(L/SA _(XHYL(S

L 5%
= 98 -yl -4
lox *
= i o o
lox> M
6) y=Satx=4 {()= 4%3. (3 “, 13
s ‘fl’3 / :
(‘ i _ 2’
\/ - M = ‘?(‘D: L,l2_é(c()+3 = |
e o S (Y-3)*
‘ "9>< ~bx -x*+3 \/-l§:~5(x-a/§ |
: | L Y =-5x 133
(X'B)ZI:
3 x2+2x '3
— St x=2 2) 7-\ -}—2(:\) . B
Q7= pr I /?/5 == /«219/5>
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5 N S —— i i ) )
“‘x [XA—[)I ()*‘)z
* = A b Ypa o x i 2x T b
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Differentiate each function with respect to x.

_ x%+42x
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V= (2 e D) - (Z2 20D

9) y
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Sl "Dav 4: The Chain Rule

Cow\po Sl-“’\‘ wmS

Exploration: Find the derivative of each f(x) and g(x). Then find
®the composition f(g(x)).

1) fla) = x? flx)= o
g{x) = 3x.+ 7 g'(x) = 3
flgCl = Find == [f(9())] = fsx+4 2

(Bx#7) =X #42x £ 47

((/tst'*’bj C hein rule ! ;?(3><+7> ’ 3>

#2) f(x) =x R 3 xJ/L
g(x) = 6x g =06
flg(0)] = Use example 1 to find
R F s = (9()] = _i_x‘ﬁ\ﬂ;

State the chain rule in symbols and words in the space provided below.

(1(: /(? [)(\)) ‘ ?(\(} woerk outwside n ,




Example 3: Use the chart below to find f’(g(—Z))-

@@ [F@le® F(2 €\
5

/19 /(3> = /1\

=
0o |

1

I

=
I
w
oo
(O
%
Ll
5 8

=
I
1
(©)
1
O

:
|
|

The most important rule in this chapter (and sometimes the most

difficult) is called the Chain Rule. It's used when you’re given composite
functions--that is, a function inside of another function. These are tested &
heavily in Calculus; therefore, it is important to have the Chain Rule

down cold.

A composite function is usually written as: f((g(x)).

For example: If f(x) = iand 9(x) =3x, then f(g(x)) - \/%

We could also find g(f(x)) = \E

When finding the derivative of a composite function, we take the
derivative of the “outside” function, with the inside function g considered
the variable, leaving the inside function alone. Then, we multiply this by
the derivative of the “inside” function, with respect to .

@



Jou nee? €
—/g\/w) e del

o 'fy=7(glx)) theny’ = (% (g(x))> (Z_i) 5 emeh -

sne Chain Rule: kit §

Again, this looks much more complicated than it really is. The saying
to help remember this one is:

“The derivative of the outside times the derivative of the inside.”

Example 1: If y = (5x3 + 3x)5, then Z—i = 5(5x3 + 3x)*(15x2 + 3)

We just dealt with the derivative of something to the fifth power,
like this:

y = (g)° 3—; = 5(g)*, where g = 5x3 + 3x ‘

Then we multiplied by the derivative of g, 15x2% + 3.

Always do it this way. The process has several successive steps, like
peeling away layer of an onion until you reach the center.
- kit
0ef
dy/ 3 /2
Example 2: Find afor y=vx3+4x. = (x + L(xb

/13
i izng%XB(3x2+Y)
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= SXZF (_,(
2(xEryy) 7=

A R T TR e e
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Example 3: FindZ—zfory = (2\/§+3x) :

"» ‘ -/

\/': 2(ax" 13 5™ +3)

7‘ ( A ~lf,

Fom ™ ) o 1o #8)

) (

: sl B TR b " ol

‘ \/ = [%y [—(gx/zfcf

: Example 4: Use the chain rule and product rule t/o find d—z fory =
ey a
\/(x5—8x3)(x2+6x) ’(x ?x) /x FCx)

P YA Wx B0 (B0 (% 59 Y s

7' N i [x +é):> £(< Fox)( 541 'a?‘/xj+(\<5 Xxs)(gxf-é)]
= (*< ZXD /x Féy)%

o]
LB 24413045 M e 4

i: \/ o | (Y i)") /2 J—éX) E7){ +3‘X517’0X / /9‘?)(17

Example 5: Use the chain rule and the quotient rule to fmd 2 jory =

f ( 2x+8) _(gx,,g)5

x2-10x [K —10x)°

‘ )’(’ 5(ay 4'3)"l(><7"/0r’()§(;\') ¥ S(Xz“/ﬁk)q/p?x(—f);(g x~/0)
(x™Jox)"®

" X L_/Io5+ +he 1(30Q\
1 L5 16 rs! (x2Liof' [ X 0% o

8 5)(95<1’8)7

Y20 e 2

~10% QA x %X +lox +L{o)
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E,«a’”ple 6: Find % atx = 1ify = [(x3 + x)(x* — x2)]2. % X>1(Kq_xz>l
s o 2 /.3 Yy
¥ A / (x Fx)(x -X) " (354 4+ A(xL xz)(x3+><)l(‘/xg—,2 x)

v = ol (IR ¢

/= 2(x XJ(XB*@E[XL{—)(’/(SX’H),L(x3+><)(l/,v3~a7x)]
e 2

\/ > Ax-x )(X3+¥)[3Ké+xq~3xq-x7+L/Ké-'—ﬂx%r”/xo/’a?’(z]
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= Q(YH’XI)()(B(’X)(‘]xé.—SXZ)

’S: (( ) = 9\('”‘/1)(/%()[7(7)&-3(1)2)
¥ Ll s gieihedles) = &9
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Example 7: Find the equation of the tangent line fory = (2vx +3x)" at
2

x =4 y= (207 +3(4)) = (H +12)7> 256

/2 /2.

+bx T HIEX -)54,://,2/be()

(D2 1504 1)+ o

\/’(o(S < (]2
H=6x% — L wi tt
Example 8: Differentiatey=(2x4—5) 6x ?/1 with respect to x
; e/ 32
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